
Beyond Standard Model course I

Problem sheet V: Standard model with an extra massive complex scalar triplet

Consider the simple “type-II seesaw” extension of the Standard model including an extra
(complex) massive scalar field transforming as (1, 3,+1) under the SM gauge group SU(3)c⊗
SU(2)L ⊗ U(1)Y provided Q = T 3

L + Y .

1) How many independent real degrees of freedom does such a scalar field contain?

2) How many different dynamical fields do these degrees of freedom encode? What are their
electric and Lorentz charges? (In other words, how many charged and neutral scalars reside
therein and, optionally, what are the neutrals’ parities?)

3) Assume that the basis in the SU(2)L vector space has been chosen in the “SM” fashion,
i.e., such that the “lower” component of the lepton doublet L carries a negative electric
charge (i.e., its isospin is +1

2
) while the “upper” one is electrically neutral (isospin −1

2
).

Assuming the triplet interacts with the SM leptons via the Yukawa interaction

L ∋ y∆LT iσ2~σ.~∆LL

determine the weak isospins (i.e., the eigenvalues of the T 3
L generator) of the entries of the

2×2 hermitean traceless matrix ∆L ≡ ~σ.~∆L and, subsequently, their electric charges.

4) How are the dynamical components (i.e., those identified in 2) embedded into ∆L? (Hint:
use the zero-trace condition for ∆L and choose the normalisation of the individual dynamical
components in such a way that the contraction

M2
∆Tr∆†

L∆L (1)

yields contributions to their mass terms proportional to M2
∆; you may also look at the

normalisation of the kinetic terms. Be careful about the hermitean conjugation – do not
forget that the components of ∆L are electrically charged! )

N.B. If you calculated correctly, your result should be very similar to the matrix given below
eq. (4) in the classical paper by R. N. Mohapatra and G. Senjanovic, Phys. Rev. D23, 165
(1981) with perhaps the only difference in the extra decomposition of the neutral triplet
component into its scalar and pseudoscalar parts.

5) With all this at hand, find the SU(3)c⊗U(1)Q–preserving minimum of the scalar potential

L ∋ M2
HH†H + λ1(H

†H)2 (2)

+
[

µHT iσ2∆
†
LH + h.c.

]

+ M2
∆Tr ∆†

L∆L + λ2(Tr ∆†
L∆L)2 + λ3Tr (∆†

L∆L∆†
L∆L)

where

H =

(

P+
H

1√
2
(S0

H + iP 0
H)

)

(3)

is the usual Higgs doublet parametrisation in the Rξ gauge, assuming (as in the SM) that
M2

H < 0, M2
∆ > 0 and that CP is conserved, i.e., among other things, that all VEVs are

1



real. If you calculated correctly you would see that the neutral component of ∆L receives
a small (assuming M∆ ≫ vH) “induced” VEV of the order of

v∆ ≡ 〈∆0
L〉 ∝

µv2
H

M2
∆

. (4)

where vH is the VEV of the neutral component of H.
(Hint: In practice, it turns out to be sufficient to focus on the first two terms in the second
line of eq. (2) and work out the derivative with respect to the neutral scalar component
of ∆L; in doing so do not forget that not only the neutral component of H but also the
neutral component of ∆L can host an SU(3)c ⊗U(1)Q–preserving VEV! Needless to say, I
would very much appreciate if you solve the whole algebraic system including contributions
from all terms; in fact, it’s just a matter of recalling how to solve cubic equations without
quadratic terms; if you do so you would see that, at the leading order in µv2

H/M2
∆, v∆ does

not depend on λ2 and λ3.)

N.B. An “induced” VEV is a VEV dynamically enforced onto a component of a scalar
multiplet whose mass-squared parameter is non-tachyonic, i.e., positive. This also implies
that the physical mass of a component with such an “induced” VEV is not proportional to
the VEV itself (as, indeed, it is the case for the Higgs in the SM) but it is governed by its
positive mass parameter. In this respect the VEV of the SM Higgs can be regarded to as
“genuine” in the sense that M2

H < 0 (and the physical mass m2
h ∝ v2

H) while that of ∆L is
“induced” because M2

∆ > 0 (and the physical mass m2
∆0 ∝ M2

∆, see below).

6) Therefore, there are two different VEVs at play here, namely, the doublet vH corre-
sponding to the one present in the pure SM and the small extra triplet v∆. With this at
hand, reconsider the derivation of the tree-level mass terms for the SU(2)L ⊗ U(1)Y SM
gauge bosons W and Z [emerging, canonically, just from the “kinetic” term of the SM Higgs
doublet L ∋ (DµH)†DµH] in the presence of the extra triplet, i.e., redo the MW and MZ

calculation in case that the relevant part of the scalar lagrangian reads

L ∋ (DµH)†DµH + Tr (Dµ∆L)†Dµ∆L (5)

and calculate the ρ parameter ρ ≡ M2
W /M2

Z cos2 θW as a function of vH and v∆.

Hint: If you do not recall how this is done in the SM or you encounter a technical problem
due to the matrix form of the adjoint representation of SU(2)L (N.B. the Pauli matrices act
on the triplet via commutation) take a look at chapter 6.9 in J. Hořeǰśı’s “Fundamentals
of Electroweak Theory”, ISBN 8024606399, where the relevant formula is derived in full
generality.

7) Given that the measured central value of the ρ parameter agrees very well with the SM
prediction ρ ≈ 1 and the current experimental uncertainty is of the order of 1h, derive an
approximate (order of magnitude) upper limit on v∆.

8) Optional; if you get this one right the oral exam shall be a mere formality ,: Calculate
the scalar spectrum of this theory and verify that it consists of three Goldstone bosons (to
be eaten by W and Z), an EW-scale Higgs-like scalar, and an extra heavy neutral scalar, a
pseudoscalar, and a singly- and doubly-charged scalars, all with masses close to M∆ with
their mass splitting governed by the electroweak VEV.
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